Prism light guides are hollow dielectric tubes that use prismatic facets to guide light by means of total internal reflection. An unresolved problem has been to determine the magnitude of loss caused by diffraction in prism light guides. Neither experimental measurement nor an analytical solution has yet been achieved, so we attacked the problem numerically, in two steps. First, we found a way to represent such a transitionally invariant three-dimensional system as an equivalent two-dimensional problem. Second, we employed the finite-difference time-domain algorithm, with periodic boundary conditions, to yield a computation problem of manageable size. We found that the diffraction-induced transmissivity of a prism light guide wall is of the order of the wavelength divided by the prism size-a result that has encouraging practical implications.
Introduction
Prism light guides are hollow dielectric tubes, the external surfaces of which contain right-angle prisms oriented parallel to the axis. Such structures confine light that is traveling in the internal air space, by means of total internal reflection on the outside prismatic surfaces. Because these guides are hollow, it is practical to make them fairly large so they can carry large quantities of luminous flux for illuminating engineering applications.
Although such guides can be fairly efficient, they have an intrinsic loss mechanism that is due to diffraction. This diffraction loss has been superseded by loss that is due to optical imperfections. As a result, direct measurement of diffraction losses is not possible, and unfortunately the problem seems not to be amenable to analytical solution. Nevertheless it would be valuable to know how much improvement is possible in prism light guide efficiency before the fundamental diffraction limit is reached. For this reason we decided to investigate this problem numerically.
We selected the finite-difference time-domain ͑FDTD͒ method, as this technique is well suited to structures of arbitrary shape and analysis over a wide range of wavelength. Further, this method was compatible with two key simplifications. First we reasoned that, for such a system that is invariant under translation, it should be possible to pose the three-dimensional problem in a manner that can be solved with a twodimensional ͑2-D͒ calculation. Second, with the use of periodic boundary conditions, we believed that the problem could be reduced to that of a single prism.
We hoped that such an approach could yield a computation problem of manageable size, which could yield accurate results. This paper begins with a depiction of the prism light guide problem and the method of converting the three-dimensional problem to two dimensions. Then the FDTD algorithm is described, as is its verification with test structures that have known analytical solutions. Finally the results for prism light guides are presented.
Definition of the Problem
The prism light guide, [1] [2] [3] as shown in Fig. 1 , is a hollow dielectric structure that has a constant cross section, the external surface of which consists of right-angle prismatic facets that run parallel to the central axis. Such guides pipe light rays that travel primarily in the internal air space. These rays occasionally strike and enter the inside wall of the structure and are subsequently redirected back into the air space by total internal reflection ͑TIR͒ at two facets of the external prismatic surface.
A important characteristic of the prism light guide is that there are many directions for which TIR at the external surfaces does not occur, but there is also an important and useful set of rays for which TIR always occurs. If is defined to be the angle between a ray's direction and the axis direction, as shown in Fig. 1 , then a ray will certainly undergo TIR, provided that
where n is the index of refraction of the wall material. For a typical value of n of 1.5, Eq. ͑1͒ yields a value of max of ϳ28°, which is considered to be a practical collimation angle for directing light into a light guide for illuminating engineering applications. It should also be mentioned that, although the example guide in Fig. 1 is circular in cross section, almost any crosssectional shape can be used. The only requirement is that the prisms must be small relative to the radius of curvature of the prism light guide wall over most of the cross section. For example, triangular, semicircular, and square guides are quite common.
As with many other optical systems, prism light guides have two distinctly different types of energy loss. The first is that caused by optical imperfections, including absorption and scattering in the bulk material, and by imprecision of the surfaces. The second is diffraction loss associated with the finite extent of the optical surfaces. Although diffraction effects are common in optical systems, note that optical fibers do not suffer from diffraction loss. It is well known that such dielectric waveguides, if they are perfectly formed, guide light with vanishing loss, unlike the prism light guide.
From a practical perspective it is nevertheless true that losses in prism light guides are dominated by optical imperfections. For example, the best prism light guide wall material available today ͑which has prisms spaced ϳ0.3 mm apart͒ transmits ϳ1.5% of the light striking it, mainly because of such imperfections. This loss exceeds any reasonable estimate of the diffraction loss, so it is not possible to observe the diffraction effect directly. Some attempts have been made to measure diffraction with largerwavelength radiation, 4 but it has proved difficult to achieve reliable results. It would be helpful to know how much better the performance of prism light guides could become with improved manufacturing techniques, so quantification of the diffraction loss is desirable.
As we mentioned above, the prisms are much smaller than the prism light guide. As a result, there is negligible error caused by modeling the prism light guide wall as if it were flat and of infinite extent. As the prisms are all identical, we can use just one of them for modeling purposes and impose periodic boundary conditions to represent the infinite plane of prisms, as depicted in Fig. 2 and described in
These periodic boundary conditions require that wave vector K of the plane electromagnetic wave satisfy
where m is an integer and ␦ is the periodic spacing distance of the prisms, x 1 Ϫ x 2 . Although this restriction limits the choice of incident wave vector somewhat, in practice this limitation is not a problem. The reason for this is that the number of such possible wave vectors is approximately the ratio of the prism spacing to the wavelength, which is generally a reasonably large number, and the possible choices nicely sample the range of interest.
Representing the Three-Dimensional System with a Two-Dimensional Model
Because the prism light guide has a translational symmetry ͑that is, the shape of the cross section perpendicular to its axis is constant͒, it is natural to seek a simplification that would allow the problem to be solved in two dimensions. For example, one can readily solve the problem of waveguides by representing the traveling wave as the real component of a complex variable that is the product of a term exp͓Ϫi͑k z z Ϫ t͔͒ and a field that is a function of just x and y. Such an approach would be awkward in this situation, in which the guide is radiating, but might be possible. However, what we are really in- terested in is the reflectance and transmittance of the prism light guide wall in response to an incident plane wave, which suggests a different approach to the problem. To determine the reflectance and transmittance, we reasoned that the incident plane wave should be represented, at t ϭ 0, as an incident pulse: a wave train truncated by an envelope that is substantially larger than the wavelength. Although the wave vector must be able to have arbitrary direction in 3-space, we noted that the truncation envelope need not be perpendicular to this wave vector. This thinking led to the introduction of a complex off-axis plane wave, satisfying condition ͑4͒, truncated by an envelope function, which has the same translational invariance as the guide. The electric component of this initial wave has the form
where E 0 is an amplitude coefficient, exp͓Ϫc 1 
͔ denotes a Gaussian envelope centered at y 0 , c 1 is a positive coefficient that determines the width of the envelope, exp͑ϪiK ⅐ r͒ is the phase factor, and Ê is the polarization unit vector. We should mention that the envelope function as well as its Fourier-transform function has translational symmetry, and therefore the introduction of such an envelope still allows us to search for the solution in the form of a function with translational symmetry.
The corresponding magnetic field must be in the form
where Ĥ is a polarization unit vector perpendicular to Ê and K. Because of the translational symmetry, with no loss of generality we can express the initial fields in the following form:
H͑x, y, z, 0͒ ϭ Re͓H͑x, y, t͒exp͑ϪiK z z͔͒.
If the material properties also have translational symmetry in the z direction, that is,
the time-dependent fields will remain in the following form:
H͑ x, y, z, t͒ ϭ Re͓H͑x, y, t͒exp͑ϪiK z z͔͒.
Now to find the electromagnetic field at any time, we have to calculate E and H on the right-hand sides of Eqs. ͑10͒ and ͑11͒. This is essentially a 2-D problem, because there is no z dependence for our new complex vectors E and H. The evolution of the wave in the z dimension is represented by the exponential factor on the right-hand sides of Eqs. ͑10͒ and ͑11͒. To demonstrate this we begin with the Maxwell curl equations 5 for an isotropic medium ͑in the SI system of units͒:
Assuming that ε, , , and Ј are isotropic, the following system of scalar equations is equivalent to Maxwell curl equations ͑12͒ and ͑13͒ in a rectangular coordinate system:
We note from Eqs. ͑10͒ and ͑11͒ that the partial derivatives with respect to z are simply equivalent to multiplication by ϪiK z . Further, we assume that Ј ϭ 0. Substituting Eqs. ͑10͒ and ͑11͒ into Eqs. ͑14͒-͑19͒ yields the following equations, which constitute a 2-D problem in the six complex variables E x , E y , E z , H x , H y , and H z :
Yee's Algorithm
To discretize Maxwell equations we construct the finite-difference equations, using Yee's algorithm, 6 which we have adopted here for the reduced 2-D problem. Each point of space is denoted as
and any function of time and space as F͑i, j, n͒ ϭ F͑i⌬x, j⌬y, n⌬t͒.
To optimize calculation speed we select the spatial increments ⌬x and ⌬y such that ⌬x ϭ ⌬y ϭ ⌬.
The time and space derivatives are approximated by use of a second-order-centered finite-difference scheme. The key feature of Yee's algorithm, which we are using in our program, is a space-time offset for the nodes of the mesh. Yee positioned the components of E and H at half-time steps, which significantly reduces the amount of computation necessary for a given level of accuracy and yields the following finite-difference equations:
E y ͑2i, 2j ϩ 2, 2n ϩ 2͒ ϭ E y ͑2i, 2j ϩ 1, 2n͒
E z ͑2i, 2j, 2n ϩ 2͒ ϭ E y ͑2i, 2j, 2n͒
where the components of the electric and magnetic fields are defined as follows: Figure 3 shows the prism light guide model setup in the simulation program. A 2-D prism lies in the xy plane, and an incident plane wave propagates in the direction of a three-dimensional wave vector K, which we express as
Boundary and Initial Conditions
where is the angle between K and the z axis; is the angle between the projection of K onto the xy plane and the x axis; and ͉K͉, the magnitude of K, is 2͞, where is the radiation wavelength. We fine tune to satisfy the periodic boundary conditions, so K x satisfies Eq. ͑4͒. The different polarizations of the incident wave can be produced by the following approach: Express Ê in the form
where Ê 1 and Ê 2 are mutually perpendicular vectors of a unit length and A and B are arbitrary coefficients that satisfy
If we define
where K and k are unit vectors in the directions of K and the z axis, respectively, Ê is consistent with the requirement that Ê ⅐ K ϭ 0. Substitution of Eqs. ͑41͒-͑43͒ into Eqs. ͑46͒-͑47͒ and using Eq. ͑44͒ give the following form of Ê :
where î, ¢, and k are, respectively, the unit vectors in the x, y, and z directions. The polarization of the magnetic field can be obtained from
To observe the reflected and transmitted waves properly it is important to eliminate reflections of these waves at the ends of the mesh. We did this by setting up, at both ends, absorption regions in which the electrical conductivity is large enough that a traveling wave would be substantially absorbed in traveling through the region, reflecting off the end of the mesh, and returning. To avoid reflection at the boundary of the reflecting region itself we ramped the value of smoothly from 0 at this boundary to a maximum value of 2 S͞m at the end of the mesh. The incident pulse that we wished to model is a forward-traveling wave. However, when we created the corresponding initial condition in our discrete model we found that a small backward-traveling pulse was produced as well, which could create small errors in the determination of reflection coefficients. To eliminate this pulse we simply delayed the onset of detection of reflected radiation until after the backward-traveling pulse had been absorbed by the rear absorber. Because the geometry of the system ensured that there was always a substantial time interval between the arrival of the backward pulse and the reflection radiation, it was easy to employ this method.
Computational Stability and Computation Time
The computational stability of the algorithm ͑in the 2-D case͒ requires 7, 8 that
where c max is the maximum electromagnetic phase velocity within the medium that is being modeled. Also, the space mesh has to be such that the electromagnetic field does not change significantly over one space increment. In our model we set c max ϭ 1, ⌬ Х ͞10, and ⌬t Х ͞20. The choice of mesh size and time increment has a large effect on calculation time, so we made both as large as possible without significantly distorting the results. With the selected values, the mesh consisted of 120 ϫ 1500 nodes, and we processed 10,000 time increments, which took approximately 30 h of CPU time on a Silicon Graphics workstation with a MIPS R4600 processor.
Determination of Reflection and Transmission Coefficients
Our main objective in modeling the scattering on a prism light guide was to determine the diffractionbased transmission through the wall of the guide. Let us denote the transmitted and reflected energy flux densities I t and I r , respectively. Assuming that there is no absorption in the prism light guide material, the diffraction loss at each reflection is given by
To calculate the reflected and transmitted flux densities we evaluated the y component of the Poynting vector at two imaginary lines, y t and y r . We applied the following formulas to calculate the numeric values for the fluxes: where the y component of the Poynting vector is given by
and the minus at the reflected flux indicates that the flux is in the negative y direction.
Model Verification
After setting up the system, first we verified that it could reproduce phenomena such as refraction and TIR at a plane interface. As a more challenging test we decided to model two phenomena for which analytical solutions are known and for which interference effects result in field cancellation under special circumstances.
We began with the well-known fact that, if a plane wave is polarized in the plane of incidence, the amplitude of the reflected wave goes to zero at the Brewster angle:
where n 1 and n 2 are the refractive indices of air and of the dielectric material, respectively. In our simulation program we tested a dielectric plane with n 2 ϭ 1.5 and set the angle of incidence to the Brewster angle, 56.31°. The polarization was set such that the incident wave was polarized in the plane of incidence. The observed reflectance was found to be only 0.61%, substantially demonstrating the cancellation of the reflected field.
Next we tried a thin-film interference. We used a parallel dielectric plate with a thickness b of a few wavelengths. The angles of incidence were set to ϭ 60°and ϭ 45°. It is known that the maximum fraction of flux density that is reflected is equal to
where
where r ʈ and r Ќ are the Fresnel coefficients for E parallel and perpendicular, respectively, to the plane of incidence. The minimum reflected fraction is zero. The maxima occur when Figure 4 displays the numerical data for the thin-film interference test as well as a fit curve. The fit curve has 40.5% peak reflectance ͑compared with 39.4% from theory͒ and a 0.9 spacing of maxima ͑compared to 1.0 from theory͒. It is reasonable to expect slight variations from the analytical solution because the truncation of the plane wave creates the equivalent of a small range of incidence angles and wavelength, and the discretization process is known to introduce some numerical dispersion. Based on this good agreement, particularly in two such tests involving cancellation phenomena, we were confident in applying the procedure to a prism light guide. Figure 5 depicts an example graphic representation of the electromagnetic field at an instant in time, as calculated by this method. In Fig. 5͑a͒ the direction of propagation is in the plane of the figure, and for this direction TIR does not occur and most of the power is transmitted. In Fig. 5͑b͒ the propagation direction has a substantial out-of-plane component, and in particular case TIR does occur. The evanescent wave is clearly visible, as is the diffraction loss radiating from the corners.
Study of Diffraction Loss in Prism Light Guide
When we compare our scattering problem with the problem of scattering of a plane electromagnetic wave in an infinite dielectric prism 9 it is apparent that the second problem does not involve any small parameters. This result implies that the solution in the case of a single infinite prism depends on the wavelength, the direction of propagation of the incident plane wave, and the angle of the prism, which are all macroparameters. In our problem we have a microparameter, ͞␦, which suggests that the diffraction loss could be a function of ͞␦.
One way to think about the dependence of the frac- tional diffraction loss on ͞␦ is that the absolute loss of energy at each prism may be proportional to the wavelength , and the number of prisms per unit length proportional to 1͞␦. The diffraction loss would thus be the product ͞␦. Another way to view this loss is in terms of the evanescent wave. In the external medium the electromagnetic solution for TIR consists of an evanescent wave that corresponds to a flow of electromagnetic radiation parallel to the surface and also parallel to the plane that contains the incident and reflected directions. One way of thinking of the flux in the evanescent wave is to consider that the portion of the energy flux that is being transferred from the incident to the reflected wave must actually flow through the external medium as total reflection occurs. This evanescent portion is an infinitesimally small fraction of the incident flux for an infinite plane wave, and for a plane wave striking a region of width ␦ this fraction will be of the order of ͞␦. Figure 6 is an illustration of this idea.
To study the diffraction-based transmission quantitatively we considered two typical test cases. In the first case we set to 20°and to 45°, and in the second we set to 20°and to 90°. In both cases Eq. ͑1͒ is satisfied and TIR occurs. We then tried various values of . As can be seen from Fig. 7 , in both cases the diffraction losses show a roughly linear relationship to ͞␦. The value for the slope was found to be ϳ1.0 and is not highly sensitive to the values of and . In a real prism light guide the dimension ␦ is approximately 0.36 mm, which corresponds to a diffraction loss per reflection, in the visible-light range, of ϳ0.15%.
Conclusion
We have successfully applied the FDTD approach to evaluate the diffraction-based loss in ideal prism light guides. This procedure required two key simplifications. First, we introduced a complex Gaussian-truncated wave pulse as our incident wave in a geometry that allowed the problem to be reduced to a 2-D problem. Second, we employed periodic boundary conditions to reduce computational time further. Our results indicate that the prism light guide can be a highly efficient light transportation device whose diffraction energy loss per wall interaction is approximately the ratio of the wavelength to the prism spacing.
For future studies our simulation approach could be useful in analyzing other systems that have translational symmetry. With regard to prism light guide devices, we suggest that with the aid of such a numerical simulation various corner microstructures can be designed to attempt to counteract diffraction loss.
